Abstract, The steady motion of a symmetric, finite core size, counterrotating vortex pair is characterized by circulation r, a velocity V, and a spacing 2xooo In the classical limit of a point vortex, the normalized velocity, vx~/r, is 1/(41T). The effect of finite core size is to reduce the normalized velocity below the value for a point vortex. The flow is governed by a single geometrical parameter R/x oo , the ratio of effective vortex size to vortex half-spacing. Perturbation analysis is used to derive general, closed-form analytical solutions for the complete velocity field, the vortex pair velocity, and the boundary shape for a continuum of values of R/xoo. Both uniform and piecewise constant density cases are treated. These solutions illustrate the different orders at which the solution deviates from the point vortex pair. For example, the vortex shape becomes noncircular at order (R/xoo)2, but the normalized velocity does not change until order (R/xoo)5. For the uniform density case, calculation of specific values of vortex pair velocity, aspect ratio, and gap ratio shows good agreement with previous numerical results.
1. Introduction. Real vortex pair flows are often inadequately characterized by the classical point vortex pair model. A more realistic model considers the steady motion of a symmetric, finite core size, counterrotating vortex pair in an unbounded domain (Fig. 1) . The vortices are characterized by a circulation f, a centroid-tocentroid spacing 2x oo , and a translational velocity V. The area of either vortex is A, corresponding to an effective radius R == (AI 1T )1/2. The vorticity inside the vortices is uniform and equal to w = f lA, and the vorticity outside the vortices is zero. The density is piecewise constant inside and outside. The vortex pair moves steadily without change of area or shape.
In the case of finite core size, the normalized velocity Vxoo/f is reduced below the classical point vortex pair limit of 1/(41T) . This is manifested by changes in the flow field and geometry of the vortex pair. We seek a family of vortices characterized by the single parameter Rlx oo , the ratio of effective vortex size to vortex half-spacing.
Several investigators have treated the case of uniform density flow. Deem and Zabusky [1] used the Poisson equation for the stream function and vorticity, together with the appropriate boundary conditions for steady translational motion without change of boundary shape, to derive a nonlinear integrodifferential equation for the boundary shape. They solved this equation numerically with a Newton-Raphson method and discovered one vortex pair of fixed size, shape, and spacing that satisfied the governing equations.
FIG. 1. Perturbation analysis in an unbounded domain.
Pierrehumbert [6] generalized the work of Deem and Zabusky to exhibit a family of solutions characterized by Rjxoo-His family of solutions is shown in Fig. 2 . Note that, as Rjxoo increases, the vortices become progressively less circular in shape. Only half of each vortex pair is plotted, the configuration being symmetric about the straight line corresponding to the flattened lower face of the outermost vortex core. Each member of the family has been scaled such that its outermost edge is at the same fixed distance from the line of symmetry. As Rjxoo increases, the velocity decreases monotonically from the constant, point vortex pair value.
"The decrease ... may be traced to the elongation of the vortices as they approach each other. Essentially, when all the vorticity is concentrated in a small region, the velocity induced at a given point on a vortex by its image receives nearly the same contribution from each point on the image. When the vortices are elongated, however, the contribution from the distant portions of the image vortex are significantly less than those from the near portions, and the total induced velocity is correspondingly less than if the same circulation were concentrated in a small region" [6, p. 140] .
As shown in the figure, Pierrehumbert originally proposed that the outermost contour intersects the line of symmetry between the two vortices as a cusp. Saffman and Szeto [9] and Saffman and Tanveer [10] argued analytically that the intersection was a corner rather than a cusp. Based on Saffman's results, Pierrehumbert [7] noted difficulties with the numerical procedure at the intersection and acknowledged the possibility of a corner. Wu, Overman, and Zabusky [11] [4] attempted such an analysis using a stream function formulation involving the integral of Biot-Savart contributions from differential elements of vorticity. Using the ratio of vortex area to the square of vortex spacing as an expansion parameter, they argued that the vortices were, to lowest order, ellipses. Comparison of their model with the numerical results showed good agreement in aspect ratio and velocity. I However, their boundary shapes were quite different, having two axes of symmetry instead of only one, as in the flattened teardrop shape of the numerical solutions. This indirectly verifies Saffman's [8] finding that an elliptical vortex pair is often a good approximation to the family of vortex pair flows described here.
We show below that the correct asymptotic expansion involves integral powers of the ratio of vortex size to vortex spacing. Melander, Styczek, and Zabusky, in choosing the square of this ratio as their expansion parameter, inadvertently discarded all the odd powers in the sequence. Instead of a stream function/Biot-Savart technique, we express the velocity as an analytic function of the complex spatial coordinate, i.e., a lowest-order point vortex solution with a Laurent series expansion of singularities located at both vortex centroids. The unknown coefficients in the expansion are determined by matching of orders, subject to appropriate dynamical constraints. Specific numerical values are compared to available numerical results. Finally, the solution for the piecewise constant density case is shown to be a straightforward transformation of that for the uniform density case.
2. Perturbation solution 2.1. Uniform density case. Consider first the case of uniform density everywhere. The area A (= 7TR 2 ), vorticity w (= r /A), and centroidal spacing 2xx of the vortex pair are specified. We seek expressions for the flow field and vortex shape as functions of a perturbation parameter E: == R/x x • The perturbation is shown in Fig. 3 . It is convenient to use a reference frame moving with the vortex pair, so that the vortices are not moving and the flow is steady. In this frame, the flow approaches from y = + 00 with velocity -V. We take the line joining the centroids as the x-axis and put the origin at the centroid of one vortex; the other centroid is at ( -2 x"" 0).
Vortex boundary. The boundary of the vortex located at the origin is expressed as (1) 1 Values listed for their parameter e12 in their where rand () are the polar coordinates defined by The velocity field outside is irrotational, and, by symmetry, u = 0 along the x-axis Z = x and the line Z = -Xxo + iy. It may be expanded in the following series:
where the all's are real constants and a 1 = 1 because it represents a point vortex solution.
The velocity inside each vortex is given by the sum of a particular solution with the constant vorticity w, the velocity induced by the other vortex, and an irrotational flow. We need only consider one vortex, because the velocity field for the other vortex can be obtained by symmetry. For the vortex at the origin, (5) Win(Z) = ~iWZ + ~~ n~l a n ( Z ::xJ n + ~~ n~o b n ( ~ r Boundary conditions. The velocities Win and W out must satisfy the following matching conditions at the vortex boundary r = R i (); e):
1. The velocity component normal to the boundary is zero (6) where the velocity components normal and tangent to the boundary are given by (7) with (8) 
where Pt,out -PI, in is the total pressure jump at the vortex boundary. Small e expansion. The boundary shape is expanded in terms of e as follows:
The velocities inside and outside the vortex are also expanded in powers of e; equivalently, the coefficients an and b n in (4) and (5) 
Substitute these expansions into (4) and (5) expressing the velocities outside and inside the boundary. The centroid equation (3), the normal velocity condition (6) , and the matching condition (12) for the velocity components at the boundary give a sequence of equations for determining the coefficients an and b n , the vortex shape functions r n (8) , and the vortex pair velocity V.
For each order of 8, the order of analysis is as follows. First, the inner and outer velocities are matched at the boundary. This expresses unknown coefficients q: and r k in terms of a common unknown p~. Since the shape is symmetric about the x-axis, RiO) must be an even function of 0, and we expect the boundary shape coefficients r k to take the form of a Fourier cosine series with coefficients related to p;. Next, . constancy of the centroidal spacing determines some of the unknown coefficients p;. Finally, the normal velocity boundary condition determines the remainder of the unknown coefficients p; and the normalized velocity coefficients V k • At this point, the solution is completely known to the specified order. Details of the order-by-order matching are shown in the Appendix. The complete velocity field may be found by substituting the coefficients listed there into (4), (5), (14), and (15). Expressions for boundary shape and translational velocity are summarized below. The shape is given by the velocity is given by (19) and the normalized velocity is given by (20)
The boundary begins to deform 8 2 , becoming elliptical in shape. At this order, there is no deviation from the point vortex pair velocity. At order 8 3 , the boundary first exhibits a flattened teardrop shape, but there is still no change in velocity. Not until order 8 5 does the velocity deviate from the point vortex pair value. Carrying out the solution to sixth order shows no additional change in velocity, and the effort necessary for even higher orders is unjustified.
Comparison with previous results.
We compare the analytical results against the numerical result as a check on the accuracy. The velocity is often the primary quantity of interest in vortical flows; because the sixth-order term contributes no additional accuracy, the results are only plotted to the fifth order. Figure 4(a) shows the family of boundary shapes from the perturbation analysis for 8 = 0.048, 0.100, 0.159, 0.225, 0.390, 0.500, 0.639, and 0.844, corresponding to those of Fig. 2 . The contours are plotted according to the convention used by Pierrehumbert, i.e., the extreme points of the boundary, normal to the direction of motion, are taken to be ± 1. Figure 4(b) shows the normalized velocity vxoo/r, which is also listed in Table 1 . Although (21)- (23) are subsets of (18)- (20), they are inconsistent in orders of 6' (cf. order-by-order matching in the Appendix): this "lowest-order" solution gives powers of 6'2 in boundary shape, but powers of 6'4 in velocity. This indicates that 6'2 is not the proper expansion parameter. Note from (18) that it is the odd powers of 6' that contribute to a nonelliptical shape. The solutions represented by (21)-(23), even if continued to higher orders, would not be able to properly account for the deformation of boundary shape.
That 6' is the proper expansion parameter is also supported by Dhanak [2] , who used an expansion in 6' to analyze the stability of a regular polygon of finite vortices. By extending this work to the case of a vortex pair, he can show agreement with (18) and (19) to the order given [3].
2.3. Piecewise constant density case. For convenience in the derivation of this solution, the density was assumed to be uniform everywhere. However, the uniform density solution can easily be transformed to the solution for the case of piecewise constant density.
Consider the governing equations for steady flow in the case of piecewise constant inner and outer densities. The inner flow continuity equation is (24) the inner flow momentum equation is (25) the outer flow continuity equation is (26) and the outer flow momentum equation is (27)
We seek a relation between the inner and outer velocity fields. Defining a modified inner velocity as (28) equation (24) is transformed to
and (25) is transformed to (30) The density in these equations is now exactly the same as in the outer continuity and momentum equations. Thus, (26), (27), (29), and (30) exactly describe an equivalent uniform density flow, where inner velocities for the uniform density flow are interpreted as given by (28). Equivalently, the equations for uniform density flow exactly describe a piecewise constant density flow, provided that the velocities for the piecewise constant density flow are taken to be (Pout/ Pin)1/2 times those determined for the uniform density flow.
It is also necessary to check the boundary conditions for the uniform density flow to see that the appropriate boundary condition is satisfied for the piecewise constant density flow. The total pressures inside and outside the vortices are again assumed to be the same (10) . Then the first boundary condition, continuity of velocity in the uniform density flow (12), correctly implies continuity of pressure (9) in the piecewise constant density flow under the velocity transformation (28). That is, velocity matching in the uniform density flow automatically satisfies pressure matching in the piecewise constant density flow. The second boundary condition, that the surface velocity be tangential to the boundary (6) , is the same in either case.
Thus the perturbation analysis, which was carried out for a uniform density flow, is directly applicable to a piecewise constant density flow. The outer velocities, boundary shapes, and normalized velocities are the same in either case. The inner velocities for the piecewise constant density flow are simply constant multiples of the inner velocities found for the uniform density case.
3. Conclusions. The steady motion of a symmetric, finite core size, counterrotating vortex pair in an unbounded domain was solved via a perturbation analysis. Closed-form, analytical expressions were derived for the complete velocity field, boundary shape, and translational velocity for a continuum of values of R/xoo-The family of allowable solutions is parameterized by a single parameter R/xoo, the ratio of effective vortex size to vortex half-spacing. As R/xoo increases from zero, the vortices become progressively more flattened perpendicular to the direction of motion, and their translational velocity decreases below the classical point vortex limit. Both uniform and piecewise constant density cases were treated. Compared to the constant density flow, the piecewise constant solution has the same boundary shape, outer velocity field, and translational velocity as the constant density flow. The inner velocity field is simply a constant multiple of that for the constant density flow.
One advantage of an analytical solution over a numerical solution is its illustration of the physics of the flow. For example, it is found that the boundary shape begins to deform from an unperturbed circular shape at order O(R/x oo )2, but the velocity remains constant until order O(R/x oo )5. Other advantages include completeness (e.g., determination of the complete velocity field) and ease of use (e.g., availability of a continuum of values of R/xoo as opposed to a finite set of tabulated values).
For the specific case of a uniform density flow, numerical values computed using the analytical expressions show good quantitative agreement with Pierrehumbert's numerical solution for values of R/xoo less than about 1.1. A previous analytical solution showed good translational velocity agreement with the numerical results, but cannot predict the boundary shapes because the odd terms in the correct asymptotic expansion were omitted. After substitution, we find that r Z = -i R cos 2 (). After substitution, we find that r6 = -IdZ4R + s2 j l Z R cos20 + jS73760R cos60.
